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Abstract
In this work, convergence of evolving Finslerian metrics first in a general flow
next under Finslerian Ricci flow is studied. More intuitively it is proved that
a family of Finslerian metrics g(t) which are solutions to the Finslerian Ricci
flow converge in C∞ to a smooth limit Finslerian metric as t approaches the
finite time T . As a consequence of this result one can show that in a compact
Finsler manifold the curvature tensor along Ricci flow blows up in short time.
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1 Introduction
Ricci flow is a branch of general geometric flows, which is an evolution equation
for a Riemannian metric in the set of all Riemannian metrics defined on a mani-
fold. Geometric flow can be used to deform an arbitrary metric into an informative
metric, from which one can determine the topology of the underlying manifold and
hence innovate numerous progress in the proof of some geometric conjectures. In
1982 Hamilton introduced the notion of Ricci flow on Riemannian manifolds by the
evolution equation
∂
∂t
gij = −2Ricij , g(t = 0) := g0. (1.1)
The Ricci flow, which evolves a Riemannian metric by its Ricci curvature is a natural
analogue of the heat equation for metrics. In Hamilton’s celebrated paper [7], it is
shown that there is a unique solution to the Ricci flow for an arbitrary smooth
∗The corresponding author
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Riemannian metric on a closed manifold over a sufficiently short time. The limiting
solution obtained from these gives information about the structure of the singularity.
The idea is to consider shorter and shorter time intervals leading up to a singularity
of the Ricci fow, and to rescale the solution on each of these time intervals to
obtain solutions on long time intervals with uniformly bounded curvature. In 1989
W.X. Shi has proved convergence of evolving metrics under Ricci flow, [12]. Next
he established estimates for the covariant derivatives of the curvature tensor on
complete Riemannian manifolds. By using these estimates R. Hamilton [7] has
shown that any solution to the Ricci flow that develops a singularity in finite time
must have unbounded curvature tensor. In fact, he proved the long time existence
theorem for the Ricci flow as long as its curvature remains bounded. Also, N. Sesum
has shown that any solution to the Ricci flow that develops a singularity in finite
time must have unbounded Ricci curvature [10].
The concept of Ricci flow on Finsler manifolds is defined first by D. Bao, cf.,
[3], choosing the Ricci tensor introduced by H. Akbar-Zadeh, [2]. It seems to the
present authors that, this choice of D. Bao for definition of Ricci tensor, is completely
suitable for definition of Ricci flow in Finsler geometry. In fact, in order to define
the concept of Ricci tensor, Akbar-Zadeh has used Einstein-Hilbert’s functional
in general relativity, although it has some computation negligence and introduced
definition of Einstein-Finsler spaces as critical points of this functional, similar to
the Hamilton’s work.
In the present work, we prove that a family of Finslerian metrics g(t) which are
solution to the geometric flow ∂
∂t
g(t) = ω(t) converges in C∞ to a smooth limit
Finslerian metric g¯ as t approaches T . Next, as an application in the special case,
it is proved that on a compact manifold a family of solutions to the Finslerian Ricci
flow ∂
∂t
g
jk (t) = −2Ricjk converges in C
∞ to a smooth limit Finslerian metric g¯ as t
approaches T . This result may be used to show that in a compact Finsler manifold
Ricci flow cannot develop a singularity in finite time unless the hh−curvature is
bounded. These tools are indispensable for development of Ricci flow on Finsler
geometry, specially on determination of interior estimation of some solutions.
2 Preliminaries and terminologies
Let M be a connected differentiable manifold of dimension n. Denote the bundle
of tangent vectors of M by p : TM −→ M , the fiber bundle of non-zero tan-
gent vectors of M by π : TM0 −→ M and the pulled-back tangent bundle by
π∗TM −→ TM0. A point of TM0 is denoted by z = (x, y), where x = πz ∈ M
and y ∈ TπzM . Let (x
i) be a local chart with the domain U ⊆ M and (xi, yi)
the induced local coordinates on π−1(U), where y = yi ∂
∂xi
∈ TπzM , and i run-
ning over the range 1, 2, ..., n. A (globally defined) Finsler structure on M is a
function F : TM −→ [0,∞) with the following properties; F is C∞ on the en-
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tire slit tangent bundle TM\0; F (x, λy) = λF (x, y) ∀λ > 0; the n × n Hes-
sian matrix (gij) =
1
2([F
2]yiyj ) is positive-definite at every point of TM0. The
pair (M,g) is called a Finsler manifold. Denote by TTM0 and SM the tangent
bundle of TM0 and the sphere bundle respectively, where SM :=
⋃
x∈M
SxM and
SxM := {y ∈ TxM |F (y) = 1}. Given the induced coordinates (x
i, yi) on TM ,
coefficients of spray vector field are defined by Gi = 1/4gih( ∂
2F 2
∂yh∂xj
yj − ∂F
2
∂xh
). One
can observe that the pair {δ/δxi, ∂/∂yi} forms a horizontal and vertical frame for
TTM , where δ
δxi
:= ∂
∂xi
− Gji
∂
∂yj
, Gji :=
∂Gj
∂yi
. There is a canonical linear map-
ping ̺ : TTM0 −→ π
∗TM, where, ̺ = π∗, ̺z((
δ
δxi
)z) = (
∂
∂xi
)z and ̺((
∂
∂yi
)z) = 0.
Let VzTM be the set of vertical vectors at z ∈ TM0, that is, the set of vectors
which are tangent to the fiber through z. Equivalently, VzTM = kerπ∗ where
π∗ : TTM0 −→ TM is the linear tangent mapping. Let ∇˜ be a linear connection on
Γ(π∗TM) the sections of pull back bundle π∗TM ,
∇˜ : TzTM0 × Γ(π
∗TM) −→ Γ(π∗TM).
There is a linear mapping µ : TTM0 −→ π
∗TM, defined by µ(Xˆ) = ∇˜
Xˆ
v where,
Xˆ ∈ TTM0 and v is the canonical section of π
∗TM . The connection ∇˜ is said
to be regular, if µ defines an isomorphism between V TM0 and π
∗TM . In this
case, there is a horizontal distribution HTM such that we have the Whitney sum
TTM0 = HTM ⊕ V TM. It can be shown that the set {
δ
δxj
} and { ∂
∂yj
}, forms
a local frame field for the horizontal and vertical subspaces, respectively. This
decomposition permits to rewrite a vector field Xˆ ∈ TTM0, uniquely into the form
Xˆ = HXˆ+V Xˆ. We will denote in the sequel all the sections of π∗TM by X = ̺(Xˆ),
Y = ̺(Yˆ ), and the corresponding complete lift on TTM0 by Xˆ, Yˆ respectively, unless
otherwise specified.
The torsion and curvature tensors of the regular connection ∇˜ are given by
τ(Xˆ, Yˆ ) = ∇˜
Xˆ
Y − ∇˜
Yˆ
X − ̺[Xˆ, Yˆ ],
Ω(Xˆ, Yˆ )Z = ∇˜
Xˆ
∇˜
Yˆ
Z − ∇˜
Yˆ
∇˜
Xˆ
Z − ∇˜[Xˆ,Yˆ ]Z,
where, X = ̺(Xˆ), Y = ̺(Yˆ ), Z = ̺(Zˆ) and Xˆ , Yˆ and Yˆ are vector fields on TM0.
They determine two torsion tensors denoted here by S and T and three curvature
tensors denoted by R, P and Q, defined by:
S(X,Y ) = τ(HXˆ,HYˆ ), T (X˙, Y ) = τ(V Xˆ,HYˆ ),
R(X,Y ) = Ω(HXˆ,HYˆ ), P (X, Y˙ ) = Ω(HXˆ, V Yˆ ),
Q(X˙, Y˙ ) = Ω(V Xˆ, V Yˆ ),
where, X = ̺(Xˆ), Y = ̺(Yˆ ), X˙ = µ(Xˆ) and Y˙ = µ(Yˆ ). The tensors R, P and Q are
called hh−, hv− and vv−curvature tensors, respectively. There is a unique metric
3
compatible h−torsion free regular connection ∇˜ associated to the Finsler structure
F satisfying, ∇˜
Zˆ
g = 0, S(X,Y ) = 0, and g(τ(V Xˆ, Yˆ ), Z) = g(τ(V Xˆ, Zˆ), Y ) called
Cartan connection. Here we denote by ∇ and ∇˙, horizontal and vertical covari-
ant derivatives of Cartan connection. We need the following properties of Cartan
connection in the sequel, cf., [1].
2g(∇
HXˆ
Y,Z) =HXˆ.g(Y,Z) +HYˆ .g(X,Z) −HZˆ.g(X,Y ) (2.1)
+ g(̺[HXˆ,HYˆ ], Z) + g(̺[HZˆ,HXˆ], Y ) + g(̺[HZˆ,HYˆ ],X).
For an arbitrary (0, 2)−tensor field S on π∗TM we have
(∇
HXˆ
S)(Y,Z) = HXˆ.S(Y,Z)− S(∇
HXˆ
Y,Z)− S(Y,∇
HXˆ
Z). (2.2)
We consider also the reduced curvature tensor Rik which is expressed entirely in
terms of the x and y derivatives of spray coefficients Gi, cf. [11].
Rik :=
1
F 2
(
2
∂Gi
∂xk
−
∂2Gi
∂xj∂yk
yj + 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂yj
∂Gj
∂yk
)
. (2.3)
In the general Finslerian setting, one of the remarkable definitions of Ricci tensors
is introduced by H. Akbar-Zadeh [1] as follows.
Ricjk := [
1
2
F 2Ric]yjyk ,
where Ric = Rii and R
i
k is defined by (2.3). As mentioned above the definition of
Einstein-Finsler space related to this Ricci tensor is obtained as critical point of
Einstein-Hilbert functional and hence suitable for definition of Finslerian Ricci flow.
One of the advantages of the Ricci quantity defined here is its independence to the
choice of the Cartan, Berwald or Chern(Rund) connections. Based on the Akbar-
Zadeh’s Ricci tensor, in analogy with the equation (1.1), D. Bao has considered, the
following natural extension of Ricci flow in Finsler geometry, cf. [3],
∂
∂t
gjk = −2Ricjk, g(t = 0) := g0 . (2.4)
This equation is equivalent to the following differential equation
∂
∂t
(log F (t)) = −Ric, F (t = 0) := F0 ,
where, F0 is the initial Finsler structure.
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3 Convergence of evolving Finslerian metrics
Let M be a compact differential manifold, F (t) a family of smooth 1−parameter
Finsler structures on M and g(t) the Hessian matrix of F (t) which defines a scalar
product on π∗TM for each t. Suppose that
∂
∂t
g(t) = ω(t), g(0) := g0, (3.1)
where ω(t) := ω(t, x, y) is a family of symmetric (0, 2)-tensors on π∗TM , zero-
homogenous with respect to y. For a (p, q)-tensor field Ω define
|Ω|2
g
:= Ω
j1...jq
i1...ip
Ω
i1...ip
j1...jq
= gj1l1 · · · gjqlqg
i1k1
· · · g
ipkp
Ω
k1...kp
l1...lq
Ω
i1...ip
j1...jq
.
Let u0 : [0, T ) −→ [0,∞) be a real function defined by u0(t) := sup
SM
|ω(t)|
g(t)
, for all
t ∈ [0, T ) we have the following lemma.
Lemma 3.1. If
∫ T
0 u0(t)dt < ∞, then the Finslerian metrics g(t) are uniformly
equivalent; that is, there exists a positive constant C such that
1
C
|v|2
g0
≤ |v|2
g(t)
≤ C|v|2
g0
,
for all points ((x, y), t) ∈ SM × [0, T ) and all vectors v ∈ TxM .
Proof. Fix a point ((x, y), t) ∈ SM × [0, T ) and a non-zero vector v ∈ TxM . Clearly,
the assertion holds for v = 0. Then by means of Cauchy-Schwarz inequality
|
d
dt
|v|2
g(t)
| = |
d
dt
(vivi)| = |
d
dt
(gijv
ivj)| = |ωijv
ivj | ≤ (ωijω
ij)
1
2 (vivjvivj)
1
2
= (|ω(t)|2
g(t)
)
1
2 (|v|2
g(t)
|v|2
g(t)
)
1
2 = |ω(t)|
g(t)
|v|2
g(t)
≤ u0(t)|v|
2
g(t)
.
Therefore
−u0(t)|v|
2
g(t)
≤
d
dt
|v|2
g(t)
≤ u0(t)|v|
2
g(t)
,
and we have −u0(t) ≤
d
dt
|v|2
g(t)
|v|2
g(t)
≤ u0(t). We conclude that
−u0(t) ≤
d
dt
ln |v|2
g(t)
≤ u0(t).
By integration we have
−
∫ T
0
u0(τ)dτ ≤ −
∫ t
0
u0(τ)dτ ≤ ln |v|
2
g(t)
− ln |v|2
g(0)
≤
∫ t
0
u0(τ)dτ ≤
∫ T
0
u0(τ)dτ.
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Thus,
−
∫ T
0
u0(τ)dτ ≤ ln
|v|2
g(t)
|v|2
g(0)
≤
∫ T
0
u0(τ)dτ.
Finally, we have
|v|2
g(0)
e−
∫ T
0 u0(τ)dτ ≤ |v|2
g(t)
≤ |v|2
g(0)
e
∫ T
0 u0(τ)dτ .
By means of the assumption
∫ T
0 u0(t)dt <∞ we put C = e
∫ T
0
u0(τ)dτ . This completes
the proof.
The following proposition allows us to relate the time dependent horizontal co-
variant derivative of Cartan connection ∇ to a fixed background Finsler connection
D defined on π∗TM .
Proposition 3.2. Let (M,g) be a Finsler space, ∇ the horizontal covariant deriva-
tive of Cartan connection associated to the metric g. Moreover, assume that D is
a fixed horizontal covariant derivative of a torsion free linear connection on π∗TM .
Then,
∇
HXˆ
Y = D
HXˆ
Y + Γ(HXˆ,HYˆ ),
where Γ(HXˆ,HYˆ ) is a symmetric (0, 2)−tensor field defined by
2g(Γ(HXˆ,HYˆ ), Z) = (D
HXˆ
g)(Y,Z) + (D
HYˆ
g)(X,Z) − (D
HZˆ
g)(X,Y ).
Proof. Torsion freeness of D reads ̺[Xˆ, Yˆ ] = D
Xˆ
Y −D
Yˆ
X. Replacing this relation
in (2.1) yields
2g(∇
HXˆ
Y,Z) =HXˆ.g(Y,Z) +HYˆ .g(X,Z) −HZˆ.g(X,Y )
+ g(D
HXˆ
Y −D
HYˆ
X,Z) + g(D
HZˆ
X −D
HXˆ
Z, Y )
+ g(D
HZˆ
Y −D
HYˆ
Z,X).
By simplification and making use of (2.2) we get
2g(∇
HXˆ
Y,Z) =(D
HXˆ
g)(Y,Z) + (D
HYˆ
g)(X,Z)
− (D
HZˆ
g)(X,Y ) + 2g(D
HXˆ
Y,Z).
Using definition of Γ(HXˆ,HYˆ ) we conclude that
2g(∇
HXˆ
Y,Z) =2g(Γ(HXˆ,HYˆ ), Z) + 2g(D
HXˆ
Y,Z).
6
Finally we have
g(∇
HXˆ
Y,Z) =g(Γ(HXˆ,HYˆ ) +D
HXˆ
Y,Z).
This equality holds for the arbitrary section Z of π∗TM , hence
∇
HXˆ
Y = D
HXˆ
Y + Γ(HXˆ,HYˆ ).
As we have claimed.
Here, we denote by ∇mA and DmA the mth order iterated horizontal Cartan
covariant derivative of the tensor A. Let A and B be two tensor fields defined on
π∗TM . We denote by A∗B any linear combination of these tensors obtained by the
tensor product A⊗B and any of the following operations;
I. summation over pairs of matching upper and lower indices;
II. contraction on upper indices with respect to the metric g;
III. contraction on lower indices with respect to the inverse metric of g.
Lemma 3.3. Let ∇ denote horizontal covariant derivative in Cartan connection
associated to the metric g(t) and D a fixed background torsion free connection. For
any positive integer m we have
∇mω(t)−Dmω(t) =
m−1∑
l=0
∑
i1+...+iq=m−l
Di1g(t) ∗ ... ∗Diqg(t) ∗Dlω(t).
.
Proof. The proof is by induction on m. By means of (2.2) and the Proposition 3.2
we get
∇
HXˆ
(ω(t))(Y,Z)−D
HXˆ
(ω(t))(Y,Z)
= −ω(t)(∇
HXˆ
Y −D
HXˆ
Y,Z)− ω(t)(Y,∇
HXˆ
Z −D
HXˆ
Z)
= −ω(t)(Γ(HXˆ,HYˆ ), Z)− ω(t)(Y,Γ(HXˆ,HZˆ)).
By definition of Γ(HXˆ,HYˆ ) we obtain
∇ω(t)−Dω(t) = Dg(t) ∗ ω(t).
Hence, the assertion holds for m = 1. Now assume that m ≥ 2 and the following
relation holds.
∇m−1ω(t)−Dm−1ω(t) =
m−2∑
l=0
∑
i1+...+iq=m−l−1
Di1g(t) ∗ ... ∗Diqg(t) ∗Dlω(t).
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Horizontal covariant derivative of this equation implies
∇∇m−1ω(t)−∇Dm−1ω(t) = (3.2)
m−2∑
l=0
∑
i1+...+iq=m−l−1
Di1g(t) ∗ ... ∗Diqg(t) ∗ ∇Dlω(t)
+
m−2∑
l=0
∑
i1+...+iq=m−l−1
Di1g(t) ∗ ... ∗ ∇Diqg(t) ∗Dlω(t).
Moreover, it follows from Proposition 3.2 that
∇Dlω(t) = DDlω(t) +Dg(t) ∗Dlω(t), (3.3)
and
∇Djg(t) = DDjg(t) +Dg(t) ∗Djg(t). (3.4)
Replacing (3.3) and (3.4) in (3.2), leads
∇mω(t)−Dmω(t) =
m−1∑
l=0
∑
i1+...+iq=m−l
Di1g(t) ∗ ... ∗Diqg(t) ∗Dlω(t).
As we have claimed.
For simplicity, let D be a horizontal Cartan covariant derivative associated to
the metric g(0). For all integers m ≥ 1, we define the continuous functions um :
[0, T ) −→ R and uˆm : [0, T ) −→ R by
um(t) := sup
SM
| ∇mω(t) |
g(t)
, uˆm(t) := sup
SM
| Dmω(t) |
g(0)
, (3.5)
for each t ∈ [0, T ). By integration of ∂
∂t
g(t) = ω(t) we have
g(t) =
∫ t
0
ω(τ)dτ + C.
Putting t = 0 in this relation, yields g(0) = C. We conclude that
g(t) = g(0) +
∫ t
0
ω(τ)dτ. (3.6)
Now by using the last equation and Dg(0) = 0, we have
|Dmg(t)|
g(0)
= |
∫ t
0
Dmω(τ)dτ |
g(0)
≤
∫ t
0
|Dmω(τ)|
g(0)
dτ.
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Therefore
sup
SM
|Dmg(t)|
g(0)
≤
∫ t
0
sup
SM
|Dmω(τ)|
g(0)
dτ.
Finally, by means of (3.5) we conclude that
sup
SM
|Dmg(t)|
g(0)
≤
∫ t
0
uˆm(τ)dτ, (3.7)
for all t ∈ [0, T ).
Lemma 3.4. If
∫ T
0 um(t)dt < ∞, for m = 0, 1, 2, ..., then
∫ T
0 uˆm(t)dt < ∞ for
m = 0, 1, 2, ... .
Proof. By Lemma 3.1, there exists a positive constant A, such that |ω(t)|g0 ≤
A|ω(t)|g(t). By assumption, we have
∫ T
0
uˆ0(t)dt =
∫ T
0
sup
SM
|ω(t)|g0dt ≤ A
∫ T
0
sup
SM
|ω(t)|g(t)dt = A
∫ T
0
u0(t)dt <∞.
Therefore the assertion holds for m = 0. The proof is by induction on m. Assume
for a fix integer m ≥ 1 we have
∫ T
0 uˆl(t)dt <∞, for l = 1, 2, ...,m−1. It follows from
(3.7) that sup
t∈[0,T )
sup
SM
|Dlg(t)|
g(0)
< ∞, for l = 1, 2, ...,m − 1. Moreover, by means of
Lemma 3.1 the metrics g(t) are uniformly equivalent. Using Lemma 3.3, we obtain
|Dmω(t)|
g(0)
−|∇mω(t)|
g(0)
≤ (3.8)
C1
m−1∑
l=0
∑
i1+...+iq=m−l
|Di1g(t)|
g(0)
...|Diqg(t)|
g(0)
|Dlω(t)|
g(0)
= C1
m−1∑
l=1
∑
i1+...+iq=m−l
|Di1g(t)|
g(0)
...|Diqg(t)|
g(0)
|Dlω(t)|
g(0)
+ C1
∑
i1+...+iq=m
|Di1g(t)|
g(0)
...|Diqg(t)|
g(0)
|Dlω(t)|
g(0)
,
for a positive constant C1. By means of induction’s assumption and (3.7), there
exists a positive constant C2 such that
C1
m−1∑
l=1
∑
i1+...+iq=m−l
|Di1g(t)|
g(0)
...|Diqg(t)|
g(0)
|Dlω(t)|
g(0)
≤ C2
m−1∑
l=1
|Dlω(t)|
g(0)
,
(3.9)
9
and
C1
∑
i1+...+iq=m
|Di1g(t)|
g(0)
...|Diqg(t)|
g(0)
|Dlω(t)|
g(0)
≤ C2
(
1 + |Dmg(t)|
g(0)
)
|ω(t)|
g(0)
.
(3.10)
Replacing (3.9) and (3.10) in (3.8) we have
|Dmω(t)|
g(0)
≤|∇mω(t)|
g(0)
+ C2
m−1∑
l=1
|Dlω(t)|
g(0)
+ C2
(
1 + |Dmg(t)|
g(0)
)
|ω(t)|
g(0)
. (3.11)
On the other hand by Lemma 3.1, we conclude that there exists a positive constant
C3 such that |∇
mω(t)|
g(0)
≤ C3|∇
mω(t)|
g(t)
and |ω(t)|
g(0)
≤ C3|ω(t)|g(t) . Therefore
the equation (3.11) reads
|Dmω(t)|
g(0)
≤ C3|∇
mω(t)|
g(t)
+C2
m−1∑
l=1
|Dlω(t)|
g(0)
+ C2C3
(
1 + |Dmg(t)|
g(0)
)
|ω(t)|
g(t)
≤ C3 sup
SM
|∇mω(t)|
g(t)
+ C2
m−1∑
l=1
sup
SM
|Dlω(t)|
g(0)
+ C2C3
(
1 + sup
SM
|Dmg(t)|
g(0)
)
sup
SM
|ω(t)|
g(t)
.
Using (3.5) and (3.7), we have
uˆm(t) ≤ C3um(t) + C2
m−1∑
l=1
uˆl(t) + C2C3u0(t)
(
1 +
∫ t
0
uˆm(τ)dτ
)
,
for all t ∈ [0, T ). This implies
uˆm(t)
1 +
∫ t
0 uˆm(τ)dτ
≤
C3um(t) + C2
m−1∑
l=1
uˆl(t)
1 +
∫ t
0 uˆm(τ)dτ
+ C2C3u0(t). (3.12)
On the other hand, 1 +
∫ t
0 uˆm(τ)dτ ≥ 1, hence we have
C3um(t) + C2
m−1∑
l=1
uˆl(t)
1 +
∫ t
0 uˆm(τ)dτ
≤ C3um(t) +C2
m−1∑
l=1
uˆl(t). (3.13)
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Moreover, Replacing d
dt
ln
(
1+
∫ t
0 uˆm(τ)dτ
)
= uˆm(t)
1+
∫ t
0
uˆm(τ)dτ
in (3.12) and using (3.13),
we conclude that
d
dt
ln
(
1 +
∫ t
0
uˆm(τ)dτ
)
≤ C3um(t) +C2
m−1∑
l=1
uˆl(t) +C2C3u0(t), (3.14)
for all t ∈ [0, T ). Integration of two sides of (3.14), yields
ln
(
1 +
∫ t
0
uˆm(τ)dτ
)
≤ C3
∫ t
0
um(τ)dτ + C2
m−1∑
l=1
∫ t
0
uˆl(τ)dτ + C2C3
∫ t
0
u0(τ)dτ
≤ C3
∫ T
0
um(τ)dτ + C2
m−1∑
l=1
∫ T
0
uˆl(τ)dτ + C2C3
∫ T
0
u0(τ)dτ.
By assumption, we have
∫ T
0 u0(τ)dτ < ∞ and
∫ T
0 um(τ)dτ < ∞. Moreover, the
induction hypothesis implies that
∫ T
0 uˆl(τ)dτ <∞ for l = 1, 2, ...,m − 1. Therefore,
there exists a positive constant D, such that
ln
(
1 +
∫ t
0
uˆm(τ)dτ
)
≤ D.
Finally, we conclude that
∫ T
0
uˆm(τ)dτ ≤ exp(D)− 1 <∞,
as we have claimed.
Definition 3.5. [8]Let E be a vector bundle over a manifold M , and Ω ⊆ M an
open set with compact closure Ω¯ in M . We say that a sequence of sections {ξk} of
E converges in Cp to ξ∞ ∈ Γ(E|Ω¯), for any p ≥ 0 if for every ǫ > 0 there exists
k0 = k0(ǫ) such that
sup
0≤α≤p
sup
x∈Ω¯
|Dα(ξk − ξ∞)| < ǫ,
whenever, k > k0. We say that {ξk} converges in C
∞ to ξ∞ on Ω¯ if {ξk} converges
in Cp to ξ∞ on Ω¯ for every p ∈ N.
Theorem 3.6. Let (M,g0) be a compact Finslerian manifold and g(t) solutions
of the evolution equation (3.1). If
∫ T
0 um(t)dt < ∞, for m = 0, 1, 2, ..., then g(t)
converge in C∞ to a smooth limit Finslerian metric g¯ whenever t approaches to T .
Proof. We have
∫ T
0 u0(t)dt < ∞, so
∫ T
0 |ω(t)|g(t)dt < ∞. By means of Lemma
3.1, there exists a positive constant C, such that |ω(t)|
g(0)
≤ C|ω(t)|
g(t)
. So we
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have
∫ T
0 |ω(t)|g(0)dt < ∞. Now we are in a position to prove that the metrics
g(t) converge to a 0-homogenous symmetric (0, 2)−tensor g¯ := g(0) +
∫ T
0 ω(τ)dτ ,
whenever t approaches to T . To this end we show lim
t→T
g(t) = g¯, that is,
∀ǫ > 0, ∃δ > 0, if |t− T | < δ then sup
SM
|g(t)− g¯|g0 < ǫ, (3.15)
where |.|g0 is the norm with respect to the g0. By definition of g¯ and (3.6) we have
|g(t)− g¯|
g(0)
= |(g(t) − g(0)) −
∫ T
0
ω(τ)dτ)|
g(0)
= |
∫ t
0
ω(τ)dτ −
∫ T
0
ω(τ)dτ |
g(0)
≤
∫ T
t
|ω(τ)|
g(0)
dτ
≤
∫ T
t
sup
SM
|ω(τ)|
g(0)
dτ. (3.16)
On the other hand, by the mean value theorem for integrals, there exists a constant
c, t < c < T , such that
∫ T
t
sup
SM
|ω(τ)|g0 dτ = sup
SM
|ω(c)|g0 (T − t). By means of (3.16)
we have
sup
SM
|g(t) − g¯|g0 ≤ sup
SM
|ω(c)|g0 (T − t) = sup
SM
|ω(c)|g0 |t− T |.
Assuming δ < ǫsup
SM
|ω(c)|g0
we obtain (3.15). Similarly we prove lim
t→T
Dmg(t) = Dmg¯.
By Lemma 3.4, mth order derivative of relation (3.6) and Definition 3.5, we have
|Dmg(t)−Dmg¯|g0 = |D
mg(t)−
∫ T
0
Dmω(τ)dτ |g0
= |
∫ t
0
Dmω(τ)dτ −
∫ T
0
Dmω(τ)dτ |g0 ≤
∫ T
t
|Dmω(τ)|g0dτ
≤
∫ T
t
uˆm(τ)dτ.
Again by the mean value theorem for integrals there is a constant t < d < T for
which
∫ T
t
uˆm(τ)dτ = uˆm(d)(T − t) = uˆm(d)|t− T |,
Assuming δ < ǫ
uˆm(d)
we conclude that the mth covariant derivative Dmg(t) converge
to Dmg¯ whenever t approaches to T . Finally, g(t) converges in C∞ to a symmetric
(0, 2)−tensor field g¯, whenever t approaches to T . Moreover, we prove that g¯ is
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positive definite. Lemma 3.1, shows that there exists a positive constant B, such
that
0 ≤
1
B
gij(0)v
ivj ≤ gij(t)v
ivj ≤ Bgij(0)v
ivj , ∀t ∈ [0, T ).
Since g(t) converges to a symmetric (0, 2)−tensor field g¯ whenever t approaches to
T , we have
0 ≤
1
B
gij(0)v
ivj ≤ g¯ijv
ivj ≤ Bgij(0)v
ivj .
Next, assume that g¯ijv
ivj = 0. The last inequality yields gij(0)v
ivj = 0 and by
positive definiteness of gij(0) we get v = 0. Therefore g¯ is positive definite. Next,
we find a Finsler structure F¯ on M such that
g¯kl =
1
2
∂2F¯ 2
∂yk∂yl
.
For this purpose, multiplying yi and yj to the definition of g¯ij yields
yiyj g¯ij = y
iyjgij(0) +
∫ T
0
yiyjωij(τ)dτ.
By means of yiyjgij(0) = F
2(0) we get
yiyj g¯ij = F
2(0) +
∫ T
0
yiyjωij(τ)dτ. (3.17)
By positive definiteness of g¯ij we put F¯ = (y
iyj g¯ij)
1
2 , which is C∞ in TM0, by
definition of g¯. Twice vertical derivatives of (3.17) yields
1
2
∂2F¯ 2
∂yk∂yl
= gkl(0) +
1
2
∫ T
0
∂2
∂yk∂yl
(yiyjωij(τ))dτ. (3.18)
On the other hand, by straight forward calculation we have
1
2
∂2
∂yk∂yl
(yiyjωij(τ)) =
1
2
∂2ωij(τ)
∂yk∂yl
yiyj + (
∂ωik(τ)
∂yl
−
∂ωil(τ)
∂yk
)yi + ωkl(τ), (3.19)
for all τ ∈ [0, T ). Using (3.1) we obtain
1
2
∂2ωij(τ)
∂yk∂yl
yiyj = 0,
∂ωik(τ)
∂yl
yi = 0,
∂ωil(τ)
∂yk
yi = 0.
Therefore (3.19) reduces to
1
2
∂2
∂yk∂yl
(yiyjωij(τ)) = ωkl(τ), (3.20)
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for all τ ∈ [0, T ). Finally, replacing (3.20) in (3.18) we get the 0-homogenous Fins-
lerian metric
1
2
∂2F¯ 2
∂yk∂yl
= gkl(0) +
∫ T
0
ωkl(τ)dτ = g¯kl.
As we have claimed.
Corollary 3.7. Let (M,g0) be a compact Finslerian manifold and g(t) solutions of
the Ricci flow (2.4). If
∫ T
0 sup
SM
|∇mRicg(t)|g(t)dt < ∞, for all non-negative integers
m, then g(t) converges in C∞ to a smooth limit Finslerian metric g¯ whenever t
approaches to T .
Proof. In the equation (3.5), ω(t) is a family of 0-homogenous symmetric (0, 2)-
tensors on π∗TM . Replacing ω(t) by −2Ricg(t) leads to
∫ T
0
um(t)dt =
∫ T
0
sup
SM
|∇mω(t)|g(t)dt = 2
∫ T
0
sup
SM
|∇mRicg(t)|g(t)dt.
Since
∫ T
0 sup
SM
|∇mRicg(t)|g(t)dt < ∞, we have
∫ T
0 um(t)dt < ∞, for m = 0, 1, 2, · · · .
By Theorem 3.6, g(t) converge in C∞ to a smooth limit Finslerian metric g¯ whenever
t approaches to T . This completes the proof.
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